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Abstract
The present paper attempts to show an alternative approach with regards to ra-
tional Pythagorean-hodograph (PH) curves and especially more natural approach for
rational PH helices (i.e. rational helices). It exploits geometric features of rational
helices to obtain a simpler construction of these curves and apply this to related sub-
jects. One of these applications is Geometric C1 Hermite interpolation (i.e. interpo-
lation of end points with associated unit tangents) by rational helices. Furthermore,
we investigate the existence of rational rotation minimizing frames (RRMFs) on ra-
tional helices. A rational approximation procedure to rotation minimizing frames
(RMFs) is suggested. Subsequently, we deploy the approximate frame for modeling
a rational sweep surface. The resulting algorithms are illustrated by several examples.
MSC 2010 numbers: 53A04, 65D05, 65D17, 65D18, 68U07.
Keywords. Pythagorean-hodograph curves, rational helices, rotation minimizing
frames, geometric C1 Hermite interpolation, approximation.
1 Introduction
A parametric rational curve r(t) is called a Pythagorean-hodograph (PH) curve, if its
parametric speed σ(t) = |r′(t)| is a rational polynomial of the time parameter [1, 2].
More explicitly, these curves are defined as rational curves r(t) = (x(t), y(t), z(t))
fulfilling the distinguishing condition
r′(t) · r′(t) = x′2(t) + y′2(t) + z′2(t) = σ2(t),
1
2for some rational polynomial σ(t). The theory of rational PH curves is an extensively
studied research topic in Computer Aided Geometric Design (CAGD), because of
their distinguishing features from ordinary polynomial curves. Their parametric
speed, curvatures and offsets depend rationally on the curve parameter. Furthermore,
only the PH curves admit rational unit tangents or more generally rational adapted
frames [3], and they have exact rotation minimizing frames (RMFs) [4].
The theory of polynomial PH curves is quite well-established, but rational PH
curves have not been investigated enough except the planar rational PH curves case
[2, 5, 6]. The extension from polynomial to rational PH curves is non-trivial, because
a rational hodograph does not always yield a rational curve upon integration. A
comparison of polynomial and rational planar PH curves can be found in [2] and
[6] - see also Sˇir et al [7]. Farouki and Sˇir [8] recently have given a formulation for
rational PH space curves by using the Euclidean geometry of space curves. They
identified a space curve as the edge of regression of its tangent developable surface.
This consideration led them to express a rational PH curve as follows.
Proposition 1. Let v(t) be any rational vector field and r(t) be a rational space
curve. Then v(t) is tangent to r(t) if and only if there exists a rational function f(t)
such that
r(t) =
f(t)w′(t)×w′′(t) + f ′(t)w′′(t)×w(t) + f ′′(t)w(t)×w′(t)
w(t) · (w′(t)×w′′(t))
,
where w(t) = v(t) × v′(t).
The interpretation of Proposition 1 is a characterization of rational curve with ra-
tional tangent field. Rational PH curves r(t) are obtained from Proposition 1 when
the tangent field has rational norm (or is a rational unit vector field for example). It
means the unit tangent t(t) of a PH curve r(t) is has a rational dependence on the
parameter t.
See that in the proposition above it has the relation
f(t) = det(r(t),v(t),v′(t)). (1)
They considered Hermite interpolation problem in detail by using rational PH curves.
Additionally, many relevant directions are pointed out in [8] which stimulated our
work.
Among others rational helices form a special class of rational PH curves because
of their rich geometric aspects, such as having rational Frenet-Serret frames. These
curves are curves with constant curvature and torsion ratios: i.e., τ
κ
= constant,
where
κ =
r′(t)× r′′(t)
|r′(t)|3
and τ =
(r′(t)× r′′(t)) · r′′′(t)
|r′(t)× r′′(t)|2
. (2)
If a rational curve r(t) is a helix, then its hodograph r′(t) has to be Pythagorean.
(Therefore, we shortened the name ‘rational PH helices’ with ‘rational helices’ along
the paper.) The converse of this statement is not generally true: Although all PH
cubics are helices, there exist PH quintics which are not helical, for instance [2],
3[9], [10]. Due to their importance in applications rational helices deserve special
attention, which is the subject of this paper.
In the present paper, we firstly give a construction of a rational PH curve in
a slightly different way which requires less differential geometric background than
Farouki and Sˇir [8]. Our construction is similar to what is done in line geometry to
obtain the striction curve of a tangent developable surface [11]. Moreover, the new
approach is more adapted to rational helices. One of the distinctive features of these
curves is that their unit tangent traces a small circle on the sphere [8], [12], [13].
This basis is constructed by using the property that a helix makes a constant angle
with a fixed direction [13]. If the unit tangent of the rational helix is t(t) and a unit
vector which makes constant angle with t(t) is u, then a rational orthonormal frame
is constructed by a Gram-Schmidt process. Furthermore, it is shown that if the unit
tangent and one of the rational function are given, we can construct the rational
helix by a simple algorithm.
An adapted frame on a space curve r(t) is an orthonormal moving frame (f1(t), f2(t),
f3(t)) such that, f1(t) = t(t) is the unit tangent r
′(t)/|r′(t)|, and the other two vectors
span the normal plane. A rotation minimizing frame (RMF) (t(t), f2(t), f3(t)) of a
curve in space consists of the tangent t(t) and two normal vectors f2(t) and f3(t) which
rotate as little as possible around t(t) that makes them distinguished among adapted
frames. RMF has been studied by several authors [4, 14, 15, 16, 17, 18, 19, 20]. These
frames are used in animation, robotics applications, the construction of swept sur-
faces [21] where the axis of a tool should remain tangential to a given spatial path
while minimizing changes of orientation about this axis. From the point of view of
applications rational helices are important to posses an associated rational approxi-
mation to RMFs as we explain below. RMFs on rational helices are not rational in
general, therefore our approximation is hoped to be of great relevance.
We develop a rational approximation to RMFs on rational helices with a high
accuracy method. For doing this, we intend to extend our earlier work [16] to rational
helices. Besides that we invoke rational approximation methods which appear in the
literature, e.g. [22, 23]. An immediate application of this rational approximation is
rational approximation to sweep surfaces. A sweep surface is defined by sweeping of
a plane curve c(s) = (c1(s), c2(s))
T , (profile curve) along a given r(t) (spine curve),
i.e,
S(s, t) = r(t) + c1(s) f2(t) + c2(s) f3(t), (3)
where (f1(t), f2(t), f3(t)) is an adapted frame along r(t). This is a useful method for
generating surfaces in computer graphics and geometric modeling [24]. As proposed
by Pottmann and Wagner [17, 18] RMF generated sweeping surfaces, which are called
profile surfaces, are of grate importance in surface modeling [25]. Regrettably, profile
surfaces with rational spine curve and cross section are generally not rational, even
if the spine is a PH curve. Here, we focus on surfaces with rational helix spines and
cross section curves.
Our plan for this paper is as follows. In Section 2 we discuss different ways of
constructing rational PH curves, while Section 3 is devoted to rational helices. In
Section 4 we show how the ideas of classical C1 Hermite interpolation can be utilized
to rational parameterizied helices. In Section 5 we give a necessary and sufficient
4condition for rational helices of any degree to have rational rotation minimizing
frames (RRMFs), which is followed by a nonexistence result for curves with unit
tangent of degree 2. In Section 6 an approximation method to RMFs is given, while
this method is applied in Section 7 to the problem of rational approximations to
profile surfaces. Finally, in Section 8 we conclude with some remarks about our
future considerations.
2 Another construction of rational PH curves
In this section, we derive rational PH curves with a new insight. Afterwards, we
suggest a simpler derivation for rational helices in the next section. We first recall
the definition of a rational PH curve [2] for completeness.
Definition 1 (Rational PH curve). Let r(t) be a rational space curve. If its speed
is a rational function, i.e., |r′(t)| = σ(t) for some rational function σ(t), then r(t) is
called a rational PH space curve.
Now, we give a direct way of constructing a rational PH curve r(t) inspired by the
results in [8]. Let a rational vector field v(t) and a rational function g(t) be given.
Assume that v(t) is tangent to r(t):
r′(t) = g(t)v(t), (4)
for some rational function g(t). Throughout the paper, we assume that v(t) and v′(t)
are linearly independent for all t. Subsequently, we express r(t) in terms of the basis
(v(t),v′(t),v(t) × v′(t)) of R3. For this purpose, we set the rational PH curve as
r(t) = a1(t)v(t) + a2(t)v
′(t) + a3(t)v(t) × v′(t). (5)
We assert that one can eliminate a1(t) and a2(t) from (5) by the PH curve property
(4). To show this, we use the following three identities which we obtain from inner
products of the basis elements (v(t),v′(t),v(t) × v′(t)) by both sides of (4):
r′(t) · v(t) = g(t)v(t) · v(t), (6)
r′(t) · v′(t) = g(t)v(t) · v′(t), (7)
and
r′(t) · (v(t)× v′(t)) = 0. (8)
The right hand side of the equation (8) is zero, since the three vectors v(t),v′(t),v(t)×
v′(t) (each supposedly different from zero) are coplanar by the equation (4). We first
take the derivative of (5) to obtain
r′(t) = a′1(t)v(t)+(a1(t)+a
′
2(t))v
′(t)+a2(t)v′′(t)+a′3(t)v(t)×v
′(t)+a3(t)v(t)×v′′(t).
(9)
So, by the equations (6) and (9), one has
(a′1(t)− g(t))v(t) · v(t) + (a1(t) + a
′
2(t))v(t) · v
′(t) + a2(t)v(t) · v′′(t) = 0. (10)
5Similarly, by equations (7) and (9), it is obtained that
(a′1(t)− g(t))v(t) · v
′(t) + (a1(t) + a′2(t))v
′(t) · v′(t) + a2(t)v′(t) · v′′(t) (11)
−a3(t) det(v(t),v
′(t),v′′(t)) = 0,
where we use the following property of the triple scalar product:
(v(t) × v′(t)) · v′′(t) = det(v(t),v′(t),v′′(t)). (12)
One can observe that the equations (10) and (11) enable us to eliminate a′1(t) and
g(t) to have
(a1(t) + a
′
2(t))
∣∣∣∣ v(t) · v
′(t) v′(t) · v′(t)
v(t) · v(t) v(t) · v′(t)
∣∣∣∣+ a2(t)
∣∣∣∣ v(t) · v
′(t) v′(t) · v′′(t)
v(t) · v(t) v(t) · v′′(t)
∣∣∣∣ (13)
+ a3(t)(v(t) · v(t)) det(v(t),v
′(t),v′′(t)) = 0.
Also, by equations (8) and (9) we have that
a2(t) det(v(t),v
′(t),v′′(t))+a′3(t) (v(t)×v
′(t))2+a3(t) (v(t)×v′(t))·(v(t)×v′′(t)) = 0.
(14)
Note that, here one can further compute
(v(t) × v′(t))2 = (v(t) · v(t)) (v′(t) · v′(t))− (v(t) · v′(t))2,
and
(v(t)× v′′(t)) · (v(t)× v′(t)) = (v(t) · v(t)) (v′′(t) · v′(t))− (v(t) · v′(t)) (v(t) · v′′(t)).
If a rational vector field v(t) and a rational function a3(t) are given, then by (14)
the function a2(t) can be determined, and being determined a2(t). We can obtain
a1(t) by utilizing (13). Hence, all elements of rational PH curve given in the form
(5) are found. Therefore, we can state the following proposition.
Proposition 2. Let v(t) be any rational vector field and r(t) be a rational space
curve. Then v(t) is tangent to r(t) if and only if there exists a rational function
a3(t) such that r(t) is given as in (5), where a1(t) and a2(t) are obtained by (13) and
(14), respectively.
Proof. Let us assume that v(t) is tangent to r(t), then from the argument above,
r(t) is evoked in the desired form. Conversely, let r(t) be given as in (5), where a1(t)
and a2(t) are obtained by (13) and (14), respectively. Then by taking the derivative
of (5) and using (13) and (14), one can easily check that v(t) is tangent to r(t).
If the rational field v(t) has rational norm, then he following algorithm describes
the construction of a rational PH curve.
6Algorithm 1. RationalPHcurve(a3(t),v(t))
Input: Scalar function a3(t) and rational tangent vector v(t).
1. Construct the basis (v(t),v′(t),v(t) × v′(t)).
2. Apply (14) to get a2(t).
3. Apply (13) to get a1(t).
Output: Rational PH curve (5).
One can conclude by (5) that
a3(t) =
det(r(t),v(t),v′(t))
(v(t)× v′(t))2
, (15)
which gives
a3(t) =
f(t)
(v(t)× v′(t))2
, (16)
by comparison to equation (1). This equation compares two approaches for obtaining
rational PH curves.
It is also worth to mention here that, if v(t) is unit, then all the formulae above
simplifies considerably. In that case the basis (v(t),v′(t),v′′(t)) becomes orthogonal
(not necessarily orthonormal), since |v(t)| = 1 implies that v(t) · v′(t) = 0.
3 Rational helices
The curvature and the torsion of a helical space curve are constant. Mainly for
that reason these curves are important. Additionally, rationality assumption add
more importance for them. So we analyze rational helices in that section with that
motivation. Note thet, the identification of helices with curves that have small circle
tangent indicatrices on the unit sphere, used in this section, has been exploited by
many authors [9], [10], [12], [26], [27], [28], [29].
From the derivation in the previous section, it is seen that a rational curve can
be obtained by a long computation. In this section, we exploit geometric features of
rational helices to simplify the formula which gives rational PH curves.
Let r(t) be a rational helix such that
r′(t) = σ(t) t(t), (17)
where t(t) is the unit tangent of r(t) which is a rational vector field and σ(t) is the
scalar speed which is a rational function. Then, by the definition of a helix [13], t(t)
makes a constant angle ψ with a unit constant vector field u:
t(t) · u = cosψ for all t. (18)
It is known that [2], from equation (18) it can be concluded that every rational helix
is a PH curve. In detail, since t(t) = r
′(t)
|r′(t)| and by (18), one obtains
r′(t) · u = cosψ |r′(t)| for all t,
7Figure 1: Construction of the unit vector u.
which shows that |r′(t)| is rational.
When the unit tangent t(t) is given, it is a straitforward to obtain the unit vector
u; it is the same direction with t′(t) × t′′(t) (see Figure 1). We also point out here
that t(t) traces a small circle on the unit sphere as r(t) is a helix [13], while great
circles give rise to planar curves.
We consider the rational orthonormal basis (w1(t),w2(t),w3(t)) of R
3, where
w1(t) = t(t),
w2(t) =
1
sinψ
u× t(t)
w3(t) = w1(t)×w2(t).
(19)
Here, from the vector product of two vectors w1(t) and w2(t) observe that
w3(t) =
1
sinψ
(u− cosψ t(t)) . (20)
Detect also that, this frame is aligned with the Frenet-Serret Frame (FSF) up to
suitable orientation. Additionally, the main advantage in the use of this basis is its
simple nature, for instance its construction does not rely on derivatives.
We express the rational helix r(t) according to this basis by
r(t) = a1(t) t(t) + a2(t)w2(t) + a3(t)w3(t). (21)
Taking the derivative of the rational helix r(t) yields in
r′(t) = a′1(t)t(t)+a1(t)t
′(t)+a′2(t)w2(t)+a2(t)w
′
2(t)+a
′
3(t)w3(t)+a3(t)w
′
3(t). (22)
8We are taking the following two equations into account:
r′(t) ·w2(t) = 0, (23)
r′(t) ·w3(t) = 0. (24)
So, by (22) and (23) we have
a1(t) t
′(t) ·w2(t) + a′2(t) + a3(t)w
′
3(t) ·w2(t) = 0,
or equivalently, we have
a′2(t) + (a1(t)− cotψ a3(t)) cscψ det(u, t(t), t
′(t)) = 0. (25)
Accordingly, by equations (22) and (24), we have
a1(t) t
′(t) ·w3(t) + a2(t)w′2(t) ·w3(t) + a
′
3(t) = 0,
or equivalently, we have
a2(t) cotψ cscψ det(u, t(t), t
′(t)) + a′3(t) = 0. (26)
Furthermore, by comparison of (17) and (22) we have
σ(t) = a′1(t)−
a2(t)
sinψ
det(u, t(t), t′(t)).
Therefore, we can conclude that given a rational vector field t(t) which traces a
small circle on the unit sphere and a rational function a3(t), a rational helix can be
constructed. Then one can obtain a2(t) by (26), and finally a1(t) can be derived by
(25).
We are in a position to state the following proposition whose proof is omitted as
being straightforward.
Proposition 3. Let t(t) be rational unit vector field which traces a small circle on
the unit sphere S2 and r(t) be a rational helix. Then t(t) is tangent to r(t) if and
only if there exists a rational function a3(t) such that r(t) is given as in (21), where
a2(t) and a1(t) are obtained by (25) and (26), respectively.
The following algorithm describes the construction of a rational helix.
Algorithm 2. RationalHelix(a3(t), r(t))
Input: Scalar function a3(t) and unit tangent vector t(t).
1. Find the constant direction of rational helix
u =
t′(t)× t′′(t)
‖t′(t)× t′′(t)‖
. (27)
2. Apply (18) to get the constant angle ψ.
3. Construct the basis (w1(t),w2(t),w3(t)) from equations (19).
4. Find a2(t) from equation (26) and secondly apply (25) to get a1(t).
Output: Rational helix curve (21).
9Figure 2: Left: Tangent indicatrix of the rational helix in Example 1. Right: The rational
helix of degree 9 (0 < t < 1).
Example 1. In this example t(t) is chosen to be
t(t) =
(2 b1(t), 2 b2(t), b
2
1(t) + b
2
2(t)− 1)
b21(t) + b
2
2(t) + 1
, (28)
where b1(t) = −
1
2t+ 1 and b2(t) = 2t − 1. As, b1(t) and b2(t) are linear t(t) traces
a circle on the unit sphere (see Fig. 2). The rational function a3(t) is chosen as a
rational Bezier curve of degree 3 given by
a3(t) =
c0B
3
0(t) + c1w1B
3
1(t) + c2w2B
3
2(t) + c3B
3
3(t)
B30(t) + w1B
3
1(t) + w2B
3
2(t) +B
3
3(t)
, (29)
where B3
i
(t) the ith Bernstein polynomial of degree 3:
B3i (t) =
(
3
i
)
ti(1− t)3−i, i = 1, 2, 3.
Especially we take
c0 = 1, c1 = 2, c2 = −3, c3 =
1
2
, w1 = 3, w2 = 1.
Hence, we obtain a rational helix of degree 9 (see Fig. 2).
Example 2. We choose in (28) that b1(t) = −3 t + 1 and b2(t) = 2 t + 3 and we
choose
a3(t) =
t (t2 + t+ 1)
13 t2 + 6 t+ 11
.
Then, we have a PH cubic given by
r(t) = 1
22
√
13
(5 + 6 t− 9 t2, 4 + 18 t+ 6 t2, 6 + 27 t+ 9 t2 + 13 t3).
This curve is depicted in Fig. 3.
10
Figure 3: Left: Tangent indicatrix of the PH cubic polynomial curve in Example 2. Right:
The PH cubic polynomial curve (0 < t < 1).
4 C1 Hermite interpolation
Rational PH curves are shown to be flexible enough for C1 Hermite interpolation in
[8]. In this section, we outline that the construction of rational helices given in the
previous section allows to interpolate given C1 Hermite data
r(0) = p0, t(0) = t0, r(1) = p1, t(1) = t1. (30)
Let us establish the rational helix r(t) with unit tangent t(t), by interpolating
these given Hermite data (30). A way of finding a suitable t(t) is using the inverse
of the spherical projection [8]. First, the end tangents t0 and t1 are projected on the
plane by the spherical projection, after finding the straight line or a circle joining the
two projection points, t(t) is obtained to be the inverse image of the straight line or
the circle. Namely, if the straight line or the circle is given by (b1(t), b2(t)), then t(t)
is given by (28).
Now, it remains to find the rational function a3(t). This function a3(t) must have
at least 6 degrees of freedom, in order to mach the end points p0 and p1 [8]. Therefore,
we choose it to be a rational Bezier curve of degree 3 as in (29). Then, we need
a3(0), a
′
3(0), a
′′
3(0), a3(1), a
′
3(1), a
′′
3(1) to determine the coefficients c0, c1, c2, c3 and the
weights w1, w2. We claim that one can find a3(0), a
′
3(0), a
′′
3(0), a3(1), a
′
3(1), a
′′
3(1) by
the given data and t(t). In fact, by (21) we have that
a3(t) = r(t) ·w3(t) =
1
sinψ
(r(t) · u− cosψ r(t) · t(t)). (31)
Consequently, a3(0), a3(1) can be acquired. But taking derivatives of (31) with re-
spect to t does not give us a′3(0), a
′
3(1). Therefore, use
a2(t) = r(t) ·w2(t) =
1
sinψ
det(t(t),u, r(t)), (32)
11
which can be obtained by (21). It is obvious that one can find a2(0), a
′
2(0), a2(1), a
′
2(1)
by making use of (32), and then (26) gives us a′′3(0), a
′′
3(1).
Remark 1. Recall that in the C1 Hermite interpolation problem for the function
given in (1), it is shown that f(0), f ′(0), f ′′(0), f(1), f ′(1), f ′′(1) can be obtained [8].
Hence, we do not lose information by using an alternative method to construct ratio-
nal helical curves.
Algorithm 3. Input: Hermite data (p0, t0, p1, t1)
1. Obtain tangent vector t(t) by spherical projection.
2. Find u and cosψ.
3. Compute a3(0) and a3(1) from (31).
4. Compute a′3(0) and a
′
3(1) from (32) and (26).
5. Compute a′2(0) and a
′
2(1) from derivative of equations (32) and (26).
6. Computed a′′3(0) and a
′′
3(1) from equation (26).
Output: Rational helix curve (21).
Example 3. We interpolate the C1 Hermite data given by
p0 = (0, 0, 0), t0 = (1, 0, 0), p1 = (0, 1,−1), t1 =
1
3
(1,−2, 1).
We can interpolate the unit tangent t(t) by using linear polynomials b1(t) = 1, b2(t) =
−2t. We find the rational Bezier curve (29) of degree 3 by
c0 = c1 = c2 = 0, c3 = −
1
3
, w1 =
4
9
, w2 =
4
9
.
This curve is depicted in Fig. 4.
Note that we cannot claim that our interpolation method is more efficient than
the one given in [8]. But we wanted to demonstrate that our method applies to that
problem. It can be considered to remove the singularities as the next step.
5 RRMFs on rational helices
An adapted frame along a space curve r(t) is an orthonormal basis (f1(t), f2(t), f3(t))
of R3 such that f1(t) = r
′(t)/|r′(t)|. Recall that, among other equivalent definitions,
the condition
f ′2(t) · f3(t) ≡ 0, (33)
is a necessary-and-sufficient condition for the frame to be rotation minimizing [30].
For computational purposes, it is desired that an adapted frame is rational, such as
a rational rotation minimizing frame (RRMF). However, not every PH curve admits
an RRMF, it is shown by Han [30] and S¸engu¨ler-C¸iftc¸i, Vegter [15] that a cubic PH,
helical PH quintic curves do not admit an RRMF, respectively.
12
Figure 4: Left: The tangent indicatrix t(t) and (right) rational helical C1 Hermite inter-
polant for data p0 = (0, 0, 0), t0 = (1, 0, 0) and p1 = (0, 1,−1), t1 =
1
3
(1,−2, 1) (specified in
Example 3).
Now, let us assume that r(t) is a rational helix given by (21). In order to find the
RRMF condition for rational helices, we utilize the same basis (w1(t),w2(t),w2(t))
in (19). Observe that an RMF is given by a rotation in the normal plane:
f1(t) = t,
(
f2(t)
f3(t)
)
=
(
cos θ(t) − sin θ(t)
sin θ(t) cos θ(t)
)(
w2(t)
w3(t)
)
,
where
θ(t)− θ0 = −
∫
τ |r′(t)| dt, (34)
with the integration constant θ0 and the torsion (2) of the spine curve [2]. Therefore,
an RMF is not rational in general. As the frame (w1(t),w2(t),w2(t)) is rational,
(f1(t), f2(t), f3(t)) is also rational if and only if there exist rational functions α, β, γ
such that
cos θ(t) =
α
γ
and sin θ(t) =
β
γ
.
Therefore, this is equivalent to the existence of relatively prime polynomials a(t) and
b(t) [30] satisfying
cos θ(t) =
a2(t)− a2(t)
a2(t) + b2(t)
and sin θ(t) =
2 a(t) b(t)
a2(t) + b2(t)
.
Here observe that
tan
θ(t)
2
=
a(t)
b(t)
. (35)
The following condition is gives a necessary and sufficient condition for a rational
helix to have RRMFs [15, 30, 22].
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Proposition 4. Let a rational helix r(t) be given by (21). Then r(t) has an RRMF
if and only if there exist relatively prime polynomials a(t) and b(t) satisfying
a(t) b′(t)− a′(t) b(t)
a2(t) + b2(t)
=
1
2
cotψ |t′(t)|. (36)
Proof. Obviously, by derivation of equation (35)
θ′(t)
2
=
a(t) b′(t)− a′(t) b(t)
a2(t) + b2(t)
,
and by equation (34)
θ′(t) = −τ |r′(t)|,
where κ and τ the curvature and the torsion of the rational helix r(t). By definition
of curvature
κ =
|t′(t)|
|r′(t)|
.
Since r(t) is a helix, we have [13],
κ
τ
= tanψ.
Thus the results follows.
Remark 2. Proposition 4 asserts that having an RRMF is completely related to
the unit tangent t(t). For helices, the unit tangent is a small circle and therefore
it can be obtained by an inverse image of a circle or a straight line on the plane.
If the pole point is chosen as a point on the small circle, then the image under the
stereographic projection is a straight line. Further choosing the coordinates properly,
one can assume that the image is a straight line parallel to one of the coordinate axes
(see Fig. 5). Working only with special choice of pole point and coordinate axes does
not affect the existence of nonexistence of RRMFs [14].
Theorem 1. Let r(t) be a rational helix with unit tangent t(t) which is a rational
vector field of degree 2. Then r(t) cannot have an RRMF.
Proof. As we assume that t(t) is a rational vector field of degree 2, as mentioned in
Remark 2, we can choose b2(t) as a constant, say n ∈ R, and b1(t) = mt, m ∈ R , in
equation (28). In this case one obtains,
u = (1, 0, n)/
√
1 + n2,
since
t = (2n, 2mt,−1 + n2 +m2t2)/(1 + n2 +m2t2).
Hence, we have,
cotψ = n.
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Figure 5: For a suitable choice of the projection point and the coordinates, a small circle
can be taken as the inverse image of a line parallel to the x-axis.
On the other hand, a simple computation gives that,
|t′| = 2m/(1 + n2 +m2).
Therefore (36) becomes
a(t) b′(t)− a′(t) b(t)
a2(t) + b2(t)
=
mn
1 + n2(t) +m2(t)
. (37)
Subsequently, the left hand side of (37) for linear polynomials a(t) = n2 t+n3, b(t) =
n4 t+ n5 is
n4n3 − n2n5
(n3 + n2 t)2 + (n5 + n4 t)2
. (38)
where n1, n2, n3, n4, n5 ∈ R. From the equality of (37) and (38), we can get the
following equations
n3n4 − n2n5 − λn2m =0,
n21 − n
2
2 − n
2
4 =0,
n23 + n
2
5 − λ(n
2 + 1) =0,
n2n3 + n4n5 =0,
where λ ∈ R. An inspection shows that there do not exist n2, n3, n4, n5, λ which
satisfy this set of equations. Therefore, we demonstrated that there do not exist
polynomials a(t) and b(t).
There is not any RRMF on rational helices, for the simplest case where t(t) is a
rational vector field of degree 2. Consequently, this motivates to develop a rational
approximation to RMFs.
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6 Rational approximation on rational helices
In this section, we will make a minimax rational approximation on rational helices
by using Mathematica. A (m,k) degree rational function is the ratio of a degree m
polynomial to a degree k polynomial. The error of minimax rational approximation
is the difference between the function and its approximation w.r.t. Euclidean norm.
The aim of minimax rational approximation is to minimize the maximum of the
relative error from the polynomial curve.
Let h(t) be continuous on a closed interval [t0, t1]. Then there exists a unique
(m,k) degree rational polynomial a(t)
b(t) , called the minimax rational approximation to
exact function h(t), that minimizes
ε(a(t), b(t)) = max
t0<t<t1
| h(t)− a(t)
b(t) | .
Nonexistence of RRMFs on rational helix curves with tangent indicatrix of de-
gree 2 motivates an approximation of RRMFs which can be done as in [22] for PH
polynomials, but in our case using the formula in Proposition 4 which is special for
rational helices of any degree. Although, tan θ(t)2 may not be rational, one can make
a rational approximation by
tan
θ(t)
2
= − tan
(∫
τ σ
2
dt
)
≃
a(t)
b(t)
, (39)
for some relatively prime polynomials a(t) and b(t). Utilizing this gives a rational
frame
f˜1(t) = t,
(
f˜2(t)
f˜3(t)
)
= −
1
a2(t) + b2(t)
(
a2(t)− b2(t) −2 a(t) b(t)
2 a(t) b(t) a2(t)− b2(t)
)(
w2(t)
w3(t)
)
, (40)
which is a rational approximation to the RMF. This approximation is done in the
following example by using the minimax approximation procedure as explained be-
fore.
Example 4. In this example t(t) is chosen by (28) where b1(t) = t and b2(t) = t−1.
Then a3(t) is chosen as a rational Bezier curve of degree 3 given by (29) with
c0 = 1, c1 = 2, c2 = 0, c3 = 0, w1 =
1
2
, w2 = 1.
Hence, we obtain a rational helix of degree 9. Then we compute
tan
θ(t)
2
=
1
2− 2 t+ 2 t2
.
A minimax rational approximation of degree (3, 3) to that function is obtained to be
tan
θ(t)
2
≃
0.188141 + 0.445412 t − 0.0170917 t2 + 0.15731 t3
1− 0.549016 t + 0.513789 t2 − 0.011689 t3
with error 3.63871 × 10−6. With a(t) and b(t) at hand one can compute a rational
approximation to the RMF by (40), which is depicted in Fig. 6. The frame is not a
RMF but it is close to satisfy RMF condition, the RMF condition error is given in
Fig. 7.
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Figure 6: Comparison of rational approximation to (left) RMF and (right) FSF on a
rational helix (for clarity, the tangent vector is omitted).
Figure 7: Error for the RMF condition (33).
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7 Rational approximation of profile surfaces
A profile surface is a sweep surface generated by an RMF. More explicitly, it has a
parametric representation
S(s, t) = r(t) + f2(t) c1(s) + f3(t) c2(s),
where r(t) is the spine curve with parameter t ∈ [t0, t1] ∈ R, c(s) = (c1(s), c2(s))
T is
the cross section or profile curve with parameter s ∈ [s0, s1] ⊂ R, and (f1(t), f2(t), f3(t))
is an RMF along r(t).
If the cross section curve is a straight line, then the profile surface is a developable
surface [23]. This implies that they are flat surfaces, i.e. they have vanishing Gauss
curvature K = 0. In the next section, we obtain a rational approximation of an RMF
on rational helices and we derive profile surfaces with this rational helical curve.
Rational approximation of RMF can be used to generate rational approximations
to profile surfaces. If the profile curve c(s) is chosen to be a straight line then the
rational approximation to the profile surface is expected to have Gauss curvature
close to zero values.
Example 5. Consider two sweep surfaces,
S1(s, t) = r(t) + (−
1
5 s+ 5) f˜2(t) + (10 s −
1
2) f˜3(t),
S2(s, t) = r(t) + (−
1
5 s+ 5)
1
sinψ
u× v(t) + (10 s − 12)w3(t),
generated by the rational approximation to the RMF (left) and by the FSF (right) of
the rational helical given in Example 4, see Figure 8.
The Gaussian curvature K˜ can be used as an accuracy criterion. Since the cross
section curve
c(s) = (−15 s+ 5, 10 s −
1
2)
T
in this example is a straight line, the Gauss curvature of a profile surface is vanishing.
For profile surface S1(s, t), minimum and maximum values of the Gauss curvature
are
K˜min(0.899997, 1) =− 6.87389 × 10
−20,
K˜max(0.899991, 4.82357) =− 6.02541 × 10
−13.
Our approximation K˜ is between the values K˜min and K˜max which are close to zero.
Therefore this criterion shows us that our approximation gives hight precision results.
8 Concluding remarks
Rational representation of PH curves and rational approximation to RMFs are two
main topics for computer graphics, swept surface or generalized cylinder construc-
tions, motion design and control in computer animation and streamline visualization
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Figure 8: Profile surfaces S1(s, t) and S2(s, t), generated by rational approximation to the
RMF (left) and by the FSF (right).
in CAD/CAM. The importance reasons are: RMFs have property of minimum twist
which makes them useful and rational expressions simplify the calculations. In the
paper, we have discussed the geometry of rational helices and we applied it to RRMFs.
Although polynomial helices are well-documented, rational helices have not in-
vestigated enough. We hope our study sheds light on future work. There arises many
related future problems:
• Removing the singularities (cusp points) of rational helices.
• When rational helices are polynomial curves?
• Rigid body design is another application which deserves more attention.
Acknowledgement
The author was supported by the Dutch National Science Foundation (NWO) under
Grant 435053, the project name is Certified Geometric Approximation (CGA). We
would like to thank Prof.Dr. Arthur E. P. Veldman for helpful discussions.
References
[1] R. T. Farouki, J. Manjunathaiah, D. Nicholas, G.-F. Yuan, and S. Jee.
Variable-feedrate CNC interpolators for constant material removal rates along
Pythagorean-hodograph curves. Computer-Aided Design, 30(8):631 – 640, 1998.
19
[2] R. T. Farouki. Pythagorean-hodograph curves: algebra and geometry inseparable.
Springer, Berlin, 2008.
[3] M. G. Wagner and B. Ravani. Curves with rational frenet-serret motion. Com-
put. Aided Geom. Des., 15(1):79–101, 1997.
[4] R. T Farouki. Exact rotation-minimizing frames for spatial pythagorean-
hodograph curves. Graphical Models, 64(6):382–395, 2002.
[5] J.C. Fiorot and T. Gensane. Characterizations of the set of rational parametric
curves with rational offsets.
[6] H. Pottmann. Rational curves and surfaces with rational offsets. Comput. Aided
Geom. Des., 12(7):175–192, 1995.
[7] Z. Sˇ´ır, B. Bastl, and M. La´vicˇka. Hermite interpolation by hypocycloids and
epicycloids with rational offsets. Comput. Aided Geom. Des., 27(5):405–417,
2010.
[8] R. T. Farouki and Z. Sˇir. Rational pythagorean-hodograph space curves. Com-
puter Aided Geometric Design, 28(2):75 – 88, 2011.
[9] J. V. Beltran and J. Monterde. A characterization of quintic helices. J. Comput.
Appl. Math., 206(1):116–121, 2007.
[10] J. Monterde. A characterization of helical polynomial curves of any degree. Adv.
Comput. Math., 30(1):61–78, 2009.
[11] H. Pottmann and J. Wallner. Computational line geometry. Berlin: Springer,
2001.
[12] C. Y. Han and Song-Hwa Kwon. Cubic helical splines with Frenet-frame conti-
nuity. Comput. Aided Geom. Design, 28, 2011.
[13] M. P. do Carmo. Differential geometry of curves and surfaces. Prentice-Hall
Inc., Englewood Cliffs, N.J., 1976.
[14] M. Bartonˇ, B. Ju¨ttler, and W. Wang. Construction of rational curves with
rational rotation-minimizing frames via Mo¨bius transformations. In Proceedings
of the 7th international conference on Mathematical Methods for Curves and
Surfaces, pages 15–25, Berlin, Heidelberg, 2010. Springer-Verlag.
[15] F. S¸engu¨ler-C¸iftc¸i and G. Vegter. Nonexistence of rational rotation minimizing
frames on quintic helices. In Proceedings IASTED International Conference on
Computer Graphics and Imaging, pages 123–128, 2013.
[16] F. S¸engu¨ler-C¸iftc¸i and G. Vegter. Rotation minimizing frames on monotone-
helical PH quintics: approximation and applications to modeling problems. In
The 29th European Workshop on Computational Geometry, pages 17–20, 2013.
[17] H. Pottmann and M Wagner. Principal surfaces. The Mathematics of Surfaces,
7:337–362, 1997.
[18] H. Pottmann and M. G Wagner. Contributions to motion based surface design.
International Journal of Shape Modeling, 4(03n04):183–196, 1998.
20
[19] R. T. Farouki, C. Giannelli, C. Manni, and A. Sestini. Design of rational
rotation-minimizing rigid body motions by Hermite interpolation. Math. Comp.,
81(278):879–903, 2012.
[20] R. T. Farouki and T. Sakkalis. Rational rotation-minimizing frames on poly-
nomial space curves of arbitrary degree. J. Symbolic Comput., 45(8):844–856,
2010.
[21] F. Klok. Two moving coordinate frames for sweeping along a 3D trajectory.
Comput. Aided Geom. Design, 3:217–229, 1986.
[22] R. T. Farouki and C. Y. Han. Rational approximation schemes for rotation-
minimizing frames on pythagorean-hodograph curves. Comput. Aided Geom.
Des., 20:435–454, 2003.
[23] B. Ju¨ttler and C. Ma¨urer. Rational approximation of rotation minimizing
frames using pythagorean-hodograph cubics. Journal for Geometry and Graph-
ics, 3(3):141–159, 1999.
[24] W. Wang and Joe B. Robust computation of the rotation minimizing frame for
sweep surface modeling. Comput. Aided Geom. Design, 29:379–391, 1986.
[25] B. Ju¨ttler and M. G. Wagner. Rational motion-based surface generation.
Computer-Aided Design, 31:203–213, 1999.
[26] R. T. Farouki, C. Y. Han, C. Manni, and A. Sestini. Characterization and
construction of helical polynomial space curves. J. Comput. Appl. Math.,
162(2):365–392, 2004.
[27] R. T. Farouki, C. Giannelli, and A. Sestini. Helical polynomial curves and double
Pythagorean hodographs. II. Enumeration of low-degree curves. J. Symbolic
Comput., 44(4):307–332, 2009.
[28] R. T. Farouki, C. Giannelli, and A. Sestini. Helical polynomial curves and
double Pythagorean hodographs. I. Quaternion and Hopf map representations.
J. Symbolic Comput., 44(2):161–179, 2009.
[29] C. Y. Han. Geometric Hermite interpolation by monotone helical quintics. Com-
put. Aided Geom. Design, 27(9):713–719, 2010.
[30] C. Y. Han. Nonexistence of rational rotation-minimizing frames on cubic curves.
Comput. Aided Geom. Design, 25(4-5):298–304, 2008.
